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Multigrid Acceleration of the Flux-Split Euler Equations
W. Kyle Anderson* and James L. Thomas*

NASA Langley Research Center, Hampton, Virginia
and

David L. Whitfieldf
Mississippi State University, Mississippi State, Mississippi

Multigrid acceleration is applied to a flux-split algorithm for solving the Euler equations in three dimensions. The
basic algorithm is an implicit spatially split approximate factorization method. The stability and performance of the
scheme in comparison to other factorizations are examined. Results are presented for three-dimensional flows that
demonstrate substantially unproved convergence with the multigrid algorithm.

Introduction

UPWIND difference schemes for solving the Euler equa-
tions are becoming increasingly popular for several rea-

sons. The time-dependent Euler equations form a system of
hyperbolic equations and upwind differencing models the char-
acteristic nature of the equations in that information at each
grid point is obtained from directions dictated by characteristic
theory. The resulting methods can capture strong shocks with-
out any oscillations. Explicitly applied artificial viscosity is not
required for stability, and hence arbitrary smoothing constants
are eliminated.

The particular upwind method used here is the flux-vector
splitting method in which the flux vectors are split into forward
and backward contributions based on an eigenvalue decompo-
sition and differenced accordingly. The splittings investigated
to date are those of Steger and Warming,1 Steger,2 and Buning
and Steger3 and Van Leer4 and Anderson et al.5 Recently, these
two splittings were compared using an implicit scheme and it
was shown that the Van Leer splitting yielded sharper shocks
(generally only one transition point) and was more robust than
the Steger-Warming splitting; it is, therefore, used exclusively
in the present study. The advantages of flux splitting are ob-
tained at the cost of increased computational work in compari-
son to unsplit methods, since two sets of fluxes are computed
for each coordinate direction, and implicit schemes require two
sets of flux Jacobians (e.g., dF+/dQ arid 8F~/d-Q) for consis-
tent linearization of the fluxes. In addition, the split fluxes and
flux Jacobians are also generally more complicated than the
unsplit terms owing to the branching involved with eigenvalue
sign changes. In order to offset the additional expense of the
upwind methods, it is highly desirable to accelerate the conver-
gence rate, especially when only steady-state solutions are
sought; the objective is to reduce the computer time required
while still maintaining the high level of robustness and accu-
racy attained from upwind differencing. Accelerating the con-
vergence rate becomes increasingly important as the mesh is
refined since the convergence rate for single-grid methods dete-
riorates with increasing mesh size, making computations on
very fine meshes prohibitively expensive.
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One method that has been successful in accelerating the con-
vergence rate of elliptic problems, attaining a spectral radius
independent of the mesh spacing, is the multigrid method.6
Although most of the existing theory on multigrid methods
pertains specifically to elliptic equations, it has been shown in
several references7"9 that the multigrid method can greatly ac-
celerate the convergence rate of numerical schemes used for
solving the Euler equations. The purpose of the current investi-
gation is to combine the full approximation multigrid method
previously implemented by Jameson and Baker7 and Jameson
and Yoon8 with the flux-vector splitting method of Ref. 5 to
obtain efficient solutions to the Euler equations in three dimen-
sions. The baseline algorithm and the multigrid acceleration
technique are described below. Results for subsonic and tran-
sonic flow over wings are given, including the influence of the
mesh size on the spectral radius.
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tion schemes, M^ = 0.8, a = 0 deg.
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Governing Equations
The governing equations are the time-dependent equations

of ideal gas dynamics, i.e., the Euler equations, which express
the conservation of mass, momentum, and energy for an invis-
cid nonconducting gas in the absence of external forces. The
conservation form of the equations in generalized coordinates
reads

dQ dG
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The equations are nondimensionalized in terms of reference
density p^ and speed of sound a^. The Cartesian velocity
components are w, u, w in the x, y, and z Cartesian directions.
The pressure p is related to the conserved variables Q through
the ideal gas law

where y is the ratio of specific heats, taken as y = 1.4. The
equations have been generalized from Cartesian coordinates
using a steady transformation of the type

where the Jacobian of the transformation is denoted by J and
the contra variant velocity components are

(8a)

(8b)

(8c)

The equations, although written in generalized coordinates,
are used in a finite-volume formulation. Equation (1) can be
interpreted as describing the balance of mass, momentum, and
energy over an arbitrary control volume. In this connection the
vectors grad(£)//, grad(i/)//, and grad(f)// represent directed

areas of cell interfaces in the £, ?/, and f directions, and the
Jacobian J represents the inverse of the cell volume. Likewise,
the quantities pU/J, pV/J, and pWjJ represent the mass flux
crossing the cell interfaces in the £, ?/, arid f directions.

Flux Splitting
The upwind differencing in the present work is effected

through the technique of flux-vector splitting. The generalized
fluxes F, <?, and H are split into forward and backward contri-
butions according to the signs of the eigenvalues of the
Jacobian matrices dF/dQ, 8G/dQ, and dH/dQ, and differ-
enced accordingly. For example, considering the flux in the £
direction

£ • % £ ^ '

where d^ and 6£ denotes general backward and forward
divided-difference operators, respectively, in the £ direction. In
this study, the particular splitting used is that developed by
Van Leer.4 It has the advantage that the individual split-flux
contributions transition smoothly across eigenvalue sign
changes, such as occur at sonic and stagnation points. In addi-
tion, the splitting allows normal shocks to be captured with at
most two transition zones; in practice, shocks are most often
captured with one transition zone, as demonstrated recently5

for a series of airfoil flows.
The three-dimensional splitting of Van Leer in generalized

coordinates is given below. Only the splitting for the flux in the
{ direction is given, as the others can be obtained similarly. The
flux Fis split according to the contra variant Mach number in
the £ direction, defined as M% = uja, where u = t//grad({)|.
For supersonic flow, \M% \ ̂  1

f- = F, F+ = 0,

and for subsonic flow, \M%\ < 1

(10*)
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and the direction cosines of the directed interface in the £
direction are

(12a)

(12b)

£z = &/|gra<i(€)| (12c)

The split-flux differences are implemented as a flux balance
across a cell, corresponding to MUSCL-type differencing, i.e.,

F-=[F+(Q-)+F-(Q+)]i+ ,/2

(13)
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The notation F~{' (Q ~)i+1/2 denotes the forward flux evaluated
using the metric terms at the cell interface i + 1 /2, and the
conserved state variables on the upwind side of the interface,
obtained by a fully upwind second-order state variable interpo-
lation:

6r+ i /2=1.5a-0.56/-i (14a)

e;Vi/2 = 1.5e/+i-0.5e, + 2 (14b)

Here, Q"Jik denotes the average value of Q in the cell centered
on (£,, rjj9 tk)at time tn; for simplicity, wherever the script nota-
tion is i, 7, k, or «, it is most often dropped.

Baseline Algorithm
The baseline single-grid algorithm is a backward Euler time

integration scheme that uses approximate factorization to split
the resulting large-banded block matrix equation into a se-
quence of easily invertible equations.10 When using flux-vector
splitting, there are numerous ways of factoring the implicit
operator into a sequence of simpler operators.1 For many of
the results shown below, the scheme chosen is a spatially split
algorithm given in three dimensions by

+ +6+A -)][/ + At(d~B+ + <5+
C+ -f- <5 + C~)]AQ = -AtRn (15)

The scheme requires the solution to a system of block tridiago-
nals for each factor, but has the advantage of being completely
vectorizable, and viscous effects can be easily incorporated.
The block tridiagonal matrices can be solved with vector
lengths corresponding to the number of lines in the grid. The
three-dimensional computations in the present implementation
take advantage of the large memory available on the VPS-32
computer at NASA Langley, and solve the block matrix equa-
tions over multiple planes simultaneously, yielding longer vec-
tor lengths and faster processing rates.

At least two other ways to factor the implicit operator in
three dimensions are possible and have been recently utilized.11

The first is a two-factor method in which the implicit operator
is factored such that one operator contains the Jacobians with
all positive eigenvalues, and the other operator contains the
Jacobians with all negative eigenvalues. The scheme can be
written as

+ 6

(16)

The scheme has low-factorization error and only requires the
solution of block bidiagonal equations. In the present imple-
mentation, most of the algorithm is vectorizable; the only
scalar computations correspond to back substitutions along a
line. It should be noted, however, that this algorithm can be
completely vectorized along diagonal planes.

The last scheme considered is another two-factor scheme
that is spatially split in two directions, with the third direction
split according to the sign of its eigenvalues. The resulting
scheme, which is referred to here as combination splitting, is
given by

[7+ A ~ C+

C~)]AQ= - (17)

This scheme also requires the solution of block tridiagonal
systems and is completely vectorizable; however, the solution
of each plane requires that the solution of the previous plane be
known, thereby eliminating the possibility of extending the
vector operations over several planes. The result is that even
though this scheme requires only two-thirds of the operations
of the three-factor scheme, the computational rate on the VPS-

32 is actually degraded by about 10%. This, however, is likely
to change on a computer whose speed is not as dependent on
long vector lengths.

Stability Analysis
In order to examine the stability characteristics of the three-

dimensional approximate-factorization algorithms considered
above, a Fourier analysis is conducted on the complete system
of equations. Because of the mixed signs of the eigenvalues of
the Euler equations, and because the three-dimensional Euler
equations cannot be diagonalized to yield a system of convec-
tion equations, stability analysis of the scalar convection equa-
tion is not sufficient to determine stability properties of the
three schemes. The complete system of equations can be
written as

MAQ = -L = -AtR"

where for Cartesian coordinates

(18)

(19)
and M is an implicit operator corresponding to the scheme
considered. Linearizing the residual Rn as

+ B-6+Q" + C+d~Qn (20)

and assuming that the Jacobians are locally constant, the
stability can be analyzed by letting

Q n = % n uoe lf*xe iyyelctz (21)

where U0 is an initial constant vector. Upon substitution into
Eq. (18), the generalized eigenvalue problem for 1, which is the
vector of amplification factors, can be obtained.

(M - L)v = (22)

where M and L are the Fourier symbols of M and L, respec-
tively. The stability characteristics are determined by cycling
through a fixed number of each of the spatial frequencies, in
this case, 16 frequencies, in the range 0 ̂  pAx, jAy, aAz ^ 2n
for each CFL number. The maximum eigenvalue, average
eigenvalue, and the smoothing factor are determined, where
the smoothing factor, defined as

for Ti/2 , yAy, ^ 3;r/2

and corresponds to the damping of the high frequencies and
serves as an indication of how effective the multigrid pro-
cedure can accelerate convergence for a given scheme.

Results are shown in Fig. 1 for the three-factor and both of
the two-factor approximate-factorization schemes. Each result
was obtained by using first-order differencing on the implicit
side of the equation and fully upwind, second-order differenc-
ing for the residual computations. All the calculations assume
a Mach number of 0.8 and 0 deg yaw and angle of attack. Both
of the two-factor schemes appear to be stable for all CFL
numbers considered, whereas the three-factor scheme is only
stable up to a CFL of about 20. The three-factor scheme and
combination split scheme have, however, the lowest minimum
smoothing factors, whereas both two-factor schemes are less
sensitive to variations in the CFL number. Note that the three-
factor scheme with upwind differencing is stable, whereas for
central differencing, it is unstable. Since upwind schemes can be
written in the form of a central difference scheme with dissipa-
tion, a stable central difference scheme should be obtainable
with appropriate dissipation.
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Multigrid Method
The multigrid method used in the current study is the full

approximation scheme (FAS) previously implemented for cen-
tral difference schemes.7-8 For this method, a sequence of grids
are introduced (70, G j , . . . , GN, where GN denotes the grid
points on the finest mesh and from which successively coarser
grids Gh i = N — 1,N — 2 , . . ., 0 are formed by deleting every
other mesh line on the next finest grid Gi+ r. The sequence of
coarser grids is used in accelerating the convergence rate on the
finest grid by efficiently reducing the low-frequency errors on
the finest mesh, which can be easily shown by Fourier analysis
to be the cause of slow asymptotic convergence rates.

There are several strategies for deciding when to switch from
one grid level to another, generally falling under the categories
of fixed or adaptive cycling algorithms. The strategies used in
the present study are fixed cycling strategies including V-cycles
and W-cycles. Details of these can be found in many references
including Ref. 11.
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Fig. 2 Effect of multigrid on convergence, ONERA M6,193 x 33 x 33
C-H mesh, M^ = 0.84, a = 3.06 deg.

Results
Three-dimensional subsonic and transonic flow computa-

tions over the ONERA M6 wing are shown below. Compari-
sons are made with experimental data at a Reynolds number of
11.7 x 106.12 The wing consists of symmetrical airfoil sections
with a planform swept 30 deg along the leading edge, an aspect
ratio of 3.8, and a taper ratio of 0.56. Solutions are obtained
for two mesh types, C-H and C-O, both of which are C-type
mesh topologies around the airfoil profile. The C-H mesh has
uniform spacing in the spanwise direction, whereas the C-O
mesh wraps around the wingtip, consequently leading to a
more precise definition of the actual rounded-tip geometry
tested in the experiment. The C-O mesh has been generated
with a transfinite interpolation procedure developed by Brace
Wedan of NASA Langley Research Center. The C-H mesh was
obtained by simply stacking a series of two-dimensional cross
sections along the span.

The first computation is the ONERA M6 wing at transonic
conditions: Mach number of 0.84 and an angle of attack of
3.06 deg. Figure 2 shows the effect of multigrid on the residual
and lift history for a 193 x 33 x 33 C-H mesh, corresponding
to 193 points along the airfoil and wake, 33 points approxi-
mately normal to the airfoil, and 33 points in the spanwise
direction, 17 of which are on the wing planform. For this case,
a V-cycle and four grid levels are used (a fine grid and three
coarser ones). The multigrid scheme is very effective in acceler-
ating convergence of both the residual and the lift. The residual
is reduced to machine zero in 400 cycles, whereas the single grid
scheme has only reduced the residual between one and two
orders of magnitude. The benefit of multigrid is especially pro-
nounced in the lift history where the final lift value is obtained
to within 0.1% of its final value in 41 cycles. This is a dramatic
improvement over the single grid result that required more
than 400 iterations to settle in on a final lift coefficient. It
should be noted that for all the cases considered, several cycles
(usually five) were run with first-order spatial differencing
before switching to second order.

A comparison of convergence rates between the three
schemes discussed earlier is shown in Fig. 3 for identical condi-
tions as given above, with the exception that only every other
point from the 193 x 33 x 33 mesh is used, resulting in a
97 x 17 x 17 C-H mesh. For this size mesh, only two coarser
grids are used. The three-factor, spatially split algorithm
demonstrates a higher rate of convergence than either of the
two-factor schemes yielding a spectral radius (that indicates
the reduction in error per cycle) of approximately 0.898. The
two-factor scheme in which the implicit operator is split ac-
cording to the sign of the eigenvalues displays the slowest con-
vergence rate with a spectral radius of 0.93. It should be
pointed out, however, that even though the spectral radius
using this scheme is not as good as for the spatially split
scheme, this still represents a good improvement over a corre-
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Fig. 3 Comparison of convergence rate for the three schemes, ONERA
M6 wing, 97 x 17 x 17 C-H mesh, M00= 0.84, a = 3.06 deg.
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Fig. 4 Comparison of convergence rate for a V-cycle and a W-cycle,
ONERA M6 wing, 97 x 17 x 17 C-H mesh, M^ = 0.84, a = 3.06 deg.

sponding single-grid spectral radius of 0.98. All the runs on the
97 x 17 x 17 meshes were made at a CFL number of 7. This
was determined experimentally to be about optimum and
agrees well with the CFL number for best smoothing predicted
by the stability analysis. In 64-bit precision, the computational
rate on the VPS-32 at NASA Langley using a V-cycle and three
grid levels for the three-factor scheme is about 75 /^s per grid
point per cycle, whereas the two-factor eigenvalue split and
combination split schemes exhibit computational rates of 140
and 85 jus per grid point per cycle, respectively. Because of the
higher performance of the three-factor spatially split algorithm
in both the convergence rate and the computational rate, it is
used exclusively in the results that follow.
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Fig. 5 Upper surface variation of pressure coefficient, ONERA M6
wing, M^ = 0.84, a = 3.06 deg.
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Fig. 6 Comparison of experiment and inviscid calculations using Van
Leer splittings, ONERA M6 wing, M^ = 0.84, a = 3.06 deg.

The effect of using a W-cycie over the previously used V-
cycle on the residual is shown in Fig. 4 for the 97 x 17 x 17
C-H mesh. An improvement using a W-cycle in the conver-
gence rate is apparent. In addition, the lift coefficient is ob-
tained to within 0.3% of its final value in only 14 cycles and to
under 0.1% in 24 cycles. This is an improvement over the
V-cycle that took 37 cycles to get the error in lift below 0.1%.
Although the work involved for a W-cycle is more than for the
V-cycle due to the extra smoothing iterations on the coarser
grids, the time required per cycle only increased by about 13%
over a V-cycle. Therefore, even though more work is involved
for each cycle, a net gain is still achieved by employing the
W-cycle. A summary of results for this case is given in Table 1
for 193 x 33 x 33 and 97 x 17 x 17 for both C-H and C-O-
type grids. The table includes the spectral radius based on
cycles and the number of cycles required to obtain the lift
coefficient to within 0.3 and 0.1% of its final value as well as
how many cycles were required to obtain the lift to five signifi-
cant digits. Note that the number of cycles required for the
W-cycle to obtain the lift coefficient is relatively insensitive to
the number of grid points.

Figure 5 shows the upper surface pressure distributions on
the 193 x 33 x 33 C-H mesh as well as the 193 x 33 x 33 C-O
mesh. The wing under these conditions exhibits both a swept
shock emanating from the apex and a nearly normal shock
emanating from the root, which coalesce at about 80% of the
span to form a single shock.

In Fig. 6, pressure coefficients obtained on both the
97 x 17 x 17 and 193 x 33 x 33 C-O meshes are compared
with experimental data at six spanwise locations. The computa-
tions are obtained at the same spanwise locations as the exper-
imental data by linear interpolation. The computations on
both meshes agree reasonably well with experiment for each
spanwise location; the effect of the finer mesh is that the shock
is spread over a smaller spatial distance due to the smaller mesh
width in the finer grid.

The next three-dimensional test case is the ONERA M6 wing
at a freestream Mach number of 0.699 and an angle of attack
of 3.06 deg. At these conditions, the flow remains subsonic
over the entire wing. Results were obtained for this case on a
97 x 17 x 17 C-O mesh, a 97 x 17 x 17 C-H mesh, and both a
193 x 33 x 33 C-H mesh and C-O mesh. Figure 7 shows the
residual history for both the 97 x 17 x 17 C-O and C-H meshes
and a V-cycle. The convergence rate on the C-H mesh is
slightly better than on the C-O mesh. Machine zero is reached
for the C-H mesh in approximately 200 cycles, whereas the C-O
mesh requires about 300 cycles, corresponding to an asymp-
totic spectral radius of 0.891 and 0.926, respectively. For both
meshes, the lift was obtained to less than 0.1 % of its final value

— 97 x 17 x 17 C-H mesh
-~ 97 x 17 x 17 C-0 mesh

' 0 100 200 300 400 500
Cycles

Fig. 7 Multigrid convergence for C-H and C-O meshes, ONERA M6
wing, M00= 0.699, «= 3.06 deg, V-cycle.

Table 1 Summary of results for ONERA M6 wing
Moo = 0.84; a = 3.06 deg

____Cycles required to obtain____
Q to 0.1%

Mesh size and
type of cycle

of final
value

of final
value

Q to 5 Spectral
decimal places radius

97 x 17 x 17 C-H
V-cycle
W-cycle

20
14

37
24

75
42

0.898
0.871

97 x 17 x 17 C-O

193

193

V-cycle
W-cycle

x 33 x 33 C-H
V-cycle
W-cycie

x 33 x 33 C-O
V-cycle
W-cycle

34
15

37
12

27
14

45
27

41
23

68
19

91
44

153
47

149
47

0.912
0.879

0.948
0.923

0.952
0.926
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Fig. 8 Comparison of experiment and inviscid calculations using Van
Leer splittings, ONERA M6 wing, M^ = 0.699, a = 3.06 deg.

Table 2 Summary of results for ONERA M6 wing
Mx = 0.699; a = 3.06 deg

Mesh size and
type of cycle

97 x 17 x 17 C-H
V-cycle
W-cycle

97 x 17 x 17 C-O
V-cycle
W-cycle

193 x 33 X 33 C-H
V-cycle
W-cycle

193x33x33 C-O
V-cycle
W-cycle

Cycles
Q to 0.3% C

of final
value

19
11

21
13

29
11

21
11

required to obtain
i to 0.1%
of final
value

28
19

22
15

37
21

38
15

Q to 5
decimal places

38
33

48
31

71
37

55
36

Spectral
radius

0.891
0.866

0.926
0.891

0.929
0.891

0.950
0.912

in less than 28 cycles, requiring only about 46 s of computer
time. On the 193 x 33 x 33 C-H mesh, a spectral radius of
0.929 was obtained and a spectral radius of 0.95 was obtained
on the same size C-O mesh. When using a W-cycle, a spectral
radius of 0.866 is obtained for the 97 x 17 x 17 C-H mesh and
one of 0.891 is obtained for the C-O mesh. Using the
193 x 33 x 33 mesh, the spectral radius using the W-cycle is
also about 0.89 for the C-H mesh and 0.912 for the C-O mesh.
A summary of results is given in Table 2 similar to those shown
in Table 1.

The pressure distributions on the 97 x 17 x 17 C-O mesh
and the 193 x 33 x 33 C-H mesh are compared with experi-
ment at six spanwise stations in Fig. 8. At the inboard stations,
the results for both meshes are essentially identical and com-
pare well with experiment. At the outboard station, however,
the pressures computed on the C-O mesh agree much closer to
experiment due to the increased resolution at the tip.

Concluding Remarks
Multigrid acceleration has been applied to the three-dimen-

sional flux-split Euler equations in generalized coordinates.
Three implicit schemes have been used to smooth the errors at
each grid level. Results from a linearized stability analysis of
the coupled equations for each of the schemes agree well in
overall trends with the numerical experiments, and indicate
that the three-factor spatially split algorithm is conditionally
stable (up to a CFL of about 20) but offers a slightly better
smoothing rate than the other two schemes and, hence, the best
multigrid performance. The stability analysis also indicates
that the other two schemes, both two-factor schemes, are less
sensitive to CFL variations. Results obtained for transonic and
subsonic flow over the ONERA M6 wing compare well with
experimental data.

Results demonstrate a substantial improvement in conver-
gence rate using the multigrid algorithm in comparison to the
single-grid algorithm. Using a W-cycle, solutions can be ob-
tained in as few as 19 cycles for transonic conditions on a
193 x 33 x 33 mesh, whereas a V-cycle takes about 41 cycles to
reach the same level of accuracy (final-lift coefficient to within
0,1%). Using a V-cycle, a spectral radius of 0.891 and 0.898 is
obtained for a 97 x 17 x 17 wing solution at subsonic and tran-
sonic conditions. A W-cycle for the same cases results in spec-
tra radii of 0.866 for the subsonic case and 0.871 for the
transonic case. In addition, the W-cycle is less sensitive to the
size of the grid than the V-cycle for obtaining the final lift
coefficient. Both of these save an order of magnitude in com-
puting time over a single grid.
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